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1. INTRODUCTION

The concept of a fuzzy set was introduced by Zadeh®®
in 1965. Fuzziness occurs when the boundary of a
piece of information is not clear-cut. Classical set
theory allows the membership of the elements in the
set in binary terms. Fuzzy set theory permits
membership function valued in the interval [0, 1].
Mordchaj Wajsberg!”? introduced the concept of
Wajsberg algebra in 1935 and studied by Font,
Rodriguez and Torrens®. Also, they™ defined lattice
structure of Wajsberg algebra. Further, they®
introduced the notion of an implicative filter of lattice
Wajsberg algebra and discussed their properties.
Basheer Ahamed and Ibrahim™? introduced the
definitions of fuzzy implicative and an anti fuzzy
implicative filters of lattice Wajsberg algebra and
investigated some  properties. The authorst**!
introduced the notions of WI-ideal, fuzzy WI-ideal,
normal fuzzy WI-ideal of lattice Wajsberg algebra and
studied some related properties.

In this paper, we introduce the definitions of an anti
fuzzy WI-ideal and an anti fuzzy lattice ideal of lattice
Wajsberg algebra. Further, we discuss the relationship
between an anti fuzzy WI-ideal and an anti fuzzy
lattice ideal in lattice Wajsberg algebra as well as in
lattice H-Wajsberg algebra. Moreover, we investigate
some of its related properties.

2. PRELIMINARIES

In this section, we recall some basic notions and their
properties that are helpful to develop our main results.

Definition 2.1[3]. Let (A, —, *, 1) be an algebra with
quasi complement “*” and a binary operation “—>" is

called a Wajsberg algebra if and only if it satisfies the
following axioms for all x,y, ze€ A,

(i l>x=X
(i) x->y)>(y—>2)>(x—>2)=1
(iii) X>Yy)>y=(y—>X)>X

(iv) (X* >y > (y—>x) =1.

Proposition 2.2[3]. A Wajsberg algebra (A, —, *, 1)
satisfies the following axioms for all Xx,y, ze€ A,

(1) X—>x=1

(i) If(x—>y)=(y—>x)=1lthen x=y

(iii) x—1=1

(iv) xX—=>(y—>x)=1

(v) f(x>y)=(y—>2)=1thenx >z=1
(vi) X=>¥V)>(z>xX)>@E->y)=1

(vii) X=>(y—>2)=y—>X—>2)
(viii) x—>0=x-1"=x"

(ix) (x")" =x

(x) x>y )=y-o>x.

Definition 2.3[3].Wajsberg algebra A is called a
lattice Wajsberg algebra, if it satisfies the following
conditions for all x,y € A,

(i) The Partial ordering < on a lattice Wajsberg
algebra A, such thatx<y if and only if
x—>y=1

(i) (xvy)=(x—>y) >y

(i)  (xAY)=((x"=>y)—>y)"

Thus (A, v, A, * 0, 1) is a lattice Wajsherg algebra
with lower bound 0 and upper bound 1.
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Proposition 2.4[3]. A Wajsberg algebra (A, —, *, 1)
satisfies the following axioms for all x,y, ze€ A,

0] If X<y then X—>z2>Yy—>7Z and
IS>XSZ1->Y
(i) x<y—>zifandonlyif y<x—>z

(i)  (xvy) =(x"Aay")
iv)  (xay) = vy")

(V) Xvy)—>z=XX—>2)A(y—>2)
(vi) X=>(YAD)=X>Y)A(X—>2)
(vii) xX—=>y)v(y—>x)=1

(viii) x> (yv)=xX->y)v(x—>2)
(ix) XAY)>z=(X>2)Vv(y—>2)
(x) XAy)vz=(Xv2)a(yv)

(xi) XAY)>z2=(X>Y)>(X>72).

Definition 2.5[4]. The lattice Wajsberg algebra A is
called a lattice H-Wajsberg algebra, if it satisfies

Xvyv((xay)—z)=1forall x,y,zeA.

In a lattice H-Wajsberg algebra A, the following hold,
(i) X=>(x>y)=(x—>Y)

(i) X=>(Y—=>2)=X>Yy)>(x—>2).

Definition 2.6[3]. Let L be a lattice. An ideal I of L is
a nonempty subset of L is called a lattice ideal, if it
satisfies the following axioms for all x,y el ,

(M Xxel,yeL andy<X imply yel
(i) X,yel implies xvyel.

Definition 2.7[4]. Let A be a lattice Wajsberg algebra.
Let | be a nonempty subset of A, then | is called WI-
ideal of lattice Wajsberg algebra A satisfies,

(i) 0el

(ii) (x>y) elandyelimplyx el forall
X,y eA.

Definition 2.8[8]. Let A be a set. A function
1:A—[0,1] is called a fuzzy subset on A, for each

x e A the value of u(x)describes a degree of
membership of x in x .

Definition 2.9[8].Let x be a fuzzy set in a set A.
Then for te[0,1], the set g4 ={xe Al u(x) >t} is
called level subset of 4 .

Definition 2.10[8]. Let x be a fuzzy subset of a set

A. Then for t [0,1], the set ' ={x e A/ u(x) <t}
is called the lower t-level cut of 4 .

Definition 2.11[5].Let A be a lattice Wajsberg algebra.
A fuzzy subset w2 of A is called a fuzzy WIi-ideal of A if

forany x,y € A,
(i) #(0) = u(x)
Gy A0 zmin{u((x— )", 4y}

Definition 2.12[5]. A fuzzy subset x of a lattice
Wajsberg algebra A is called fuzzy lattice ideal if for
any x,y e A.

(i If y<x,then wu(y)> u(x)

(i) p(xv'y) = min{ z(x), 1(y)}-

Definition 2.13[5]. Let F(A) be the set of all anti
fuzzy subset of lattice Wajsberg algebra A and
ueFA), we define the set as

A, ={xe Al u(x)=u(0)}.
3. PROPERTIES OF ANTI FUZZY WI-IDEALS

In this section, we define an anti fuzzy WI-ideal in
lattice Wajsberg algebra and obtain some useful
results with illustrations.

Definition 3.1. A fuzzy subset u of lattice Wajsberg
algebra A is called an anti fuzzy WI-ideal of A if for
any x,ye A,

Q) #(0) < p(x)

(ii) H(X) < max{u((x —y)"), p(¥)}-

Example 3.2. Let A={0, ¢, f, g, h,1} be a set with

partial ordering. Define a quasi complement “*” and
a binary operation “—>" on A as in tables (3.1) and
(3.2).

X X*
—>|0|e|flg|h]|1
011 O |j1)]1|111(1|1
€149 e |gll|1|1]|1]1
flf flflflal1]a]1
9 | € g lelelfl1]1]1
h|O
10 h |0le|flg|l]|1
1 |[0fe|f|lg|h]|1
Table: 3.1 Table: 3.2
Complement Implication

Define v and A operations on A as follow,
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(xvy)=(x—>y)->vy,
(XAY)=((X" >y ) > y*)forall x,yeA.
Then, A is a lattice Wajsberg algebra.

Consider the fuzzy

ﬂ(x):{o.l if x=0

subsetz  on A as,

. forall xe A
0.3 otherwise

Then, we have u is an anti fuzzy WIl-ideal of lattice
Wajsberg algebra A.

Proposition 3.3. Every anti fuzzy Wi-ideal i of a
lattice Wajsberg algebra A is order preserving.

Proof. Let x4 be an anti fuzzy WI-ideal of A.
Forany x,ye A and x<y then (x—=>y) =1"=0

and so, £(x) < max{z((x —> y)*), u(¥)}
=max{x(0), u(y)}

=u(y)
Thus, 2(x) < u(y)
Hence, p is order preserving. [

Definition 3.4. A fuzzy subset xz of a lattice Wajsberg
algebra A is called an anti fuzzy lattice ideal if for any
X, yeA,

M If y<x,then u(y) < u(x)

(i) p(xvy) < max{ (), 1(Y)} -

Proposition 3.5. Every anti fuzzy WI-ideal of lattice
Wajsberg algebra A is an anti fuzzy lattice ideal.

Proof. Let 4 be an anti fuzzy WI-ideal of A.
From Proposition 3.3, u(y) < u(x) if y<x

By (xvy) > y) =(x>V)A(y—>y)
=(x—>y)"
<X
We get, u(xvy) < max{u((xvy) > y)"), u(y)}
< max{z(x), 1Y)} -
Thus, w(xv'y) < max{(x), u(y)} "

The following example shows that the converse of
Proposition 3.5 is not true.

Example 3.6. Let A={0,1, m, n,1}be a set with

partial ordering. Define a quasi complement “*” and
a binary operation “—>"” on A as in tables (3.3) and
(3.4).

X X*
—> (0|l |{m|{n|1
0] 1 0 1(1(1(1])1
I|n I [n]1]1|1]1
m, |m m | m|{n|1l|1|1
n |
n Il Im|n|1]|1
110
1 Ol {m{n|1
Table: 3.3 Tables: 3.4
Implication Complement

Define v and A operations on A as follow,
xvy)=(x—=>y)—>vy,
(XAY)=((X" > y) >y forall x,yeA.
Then, A is a lattice Wajsberg algebra.
Consider the fuzzy subset ¢z on A as,

(x) = 0.2 if xe{0,n, L}forallxe A
M7 =00.7 if xe{l, m} forallxeA

Then, g is an anti fuzzy lattice ideal of A, but not an
anti fuzzy Wi-ideal for

(m) < max{z((m—n)), u(n)}.

Proposition 3.7. Every anti fuzzy lattice ideal is an
anti fuzzy WI-ideal in lattice H-Wajsberg algebra A.

Proof. Let x be an anti fuzzy lattice ideal of lattice
H-Wajsberg algebra A.

Ify<x, then w1(y) < u(x) and
v y)<max{ p(x), u(y)} forall x,y e A.

Since 0<x, it follows that (0)< u(x) for all

xeA
[From (i) of Definition 3.4]
Let X, Y € A we have,

H(X) < pu(xvy)
=p(yv(x vy)")

=u(yv(x—>y)")
< max{u(y), u(x—>y)'}
Hence, u is an anti fuzzy WIl-ideal. [

Proposition 3.8. A fuzzy subsetx of a lattice
Wajsberg algebra A is an anti fuzzy WI-ideal if and
only if g isaWI-ideal when 4 =4, t [0,1].

Proof. Let # be an anti fuzzy WI-ideal of A and let
t €[0,1] such that y = ¢ .Clearly, 0 4 .
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Suppose x,y e A, (x—>y) e s and y € 14 .
Then, u((x —y)*)<t and u(y)<t.

It follows that, z(x) < max{u(x —y)*, u(y)}<t.
So that, X € 2 . Hence, g is a Wl-ideal of A.

Conversely, suppose g4 (t € [0,1])is a Wi-ideal of A.
When s = ¢ for any xe A, Xeu, ., it follows
that 1,y is a Wi-ideal of A and hence 0e z,(y, that
is 1(0) < u(x) forany x,y e A.

Let t =max{u(x — )", u(y)}, it follows that g isa
Wi-ideal and (x — ¥)* € 4,y € 14, this implies that

xe prand p(x) <t=max{u(x —y)", u(y)} =

Proposition 3.9. Let A be a lattice Wajsberg algebra.
If 4 and o are non-empty anti fuzzy WI-ideals of A

such that for any x,y e A, u(x) > u(y) if and only if
o(X) = o(y) then oo isalso a fuzzy WIi-ideal of A
and A=A, NA, where (uoo)(X)=u(X)o(x)
forany xeA.

Proof. It is easy to prove that, oo isa Wi-ideal of A
and A,
Let Xe Ao Then (uoo)(X) = uoo(0)

u(x)o(x) = 1(0)o(0)
Hence, u(x)=0and o(x) #0.
If (x) > 1(0), then p(x)o(X) > 1(0)c(0).
This is a contradiction. Similarly, it is also a
contradiction when o(x) > o(0) .
Hence, u(X)=u(0) and o(x)=oc(0). That is
xeA, NA,. |

oA, NAs

4. CONCLUSION

In the present paper, we have introduced the notions of
an anti fuzzy Wi-ideal and an anti fuzzy lattice ideal of
lattice Wajsberg algebra. Further, we have shown that
every anti fuzzy WI-ideal of a lattice Wajsberg algebra
is order preserving. Also, we have obtained some of
its properties.
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